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1 Introduction 

Let k be an algebraically closed field. A projective minimal smooth surface Y over k is 
an Enriques surface if Ky = and dim //|^(y, Q;) = 10. We assume the characteristic 
of the base field k is not 2 and Y is an Enriques surface over k. It is known that 
H^iY, Oy) = H'^iY, Oy) = and Ky is non-trivial divisor. Since Ky is a line bundle 
of order 2, Y has a double etale cover X ^ Y such that Ox = Oy ® Ky. Here X is 
a K3 surface. Since the (local or global) moduli space of algebraic K3 surfaces is of 19 
dimension and the moduli space of Enriques surfaces is of 10 dimension, not every K3 
surface is the double cover of an Enriques surface. Over the field of complex numbers, C 
the criterion for a K3 surface to be the double etale cover of an Enriques surface comes 
from the Torelli theorem for K3 surfaces. We put F is the unique even unimodular 
Z-lattice of rank 10 of signature (1,9). T has a decomposition T = U ® E^, where U 
is the hyperbolic lattice of rank 2 and is the negative definite lattice induced by 
the root system The torsion free Neron-Severi lattice of an Enriques surface is 
isomorphic to T. The criterion is following. 

Theorem ([lOj) A complex K3 surface X is the double cover of an Enriques surface or 
equivalently, X has a fixed point free involution if and only if there exists a primitive 
embedding r(2) ^ NS{X) such that the orthogonal complement of r(2) in NS{X) 
has no vector of self intersection —2. 

Note that here the orthogonal complement of r(2) in NS{X) is even negative definite. 
But over a field of positive characteristic, of course, the Torelli theorem is meaningless. 
However, if the characteristic of k is p > 2 and X is a supersingular K3 surface, we 
have the crystalline Torelli theorem. (|19]) In this paper, using the crystalline Torelli 
theorem, we prove that for a supersingular K3 surface over an algebraically closed filed 
of characteristic p > 2, the same criterion to be the double cover of an Enriques surface 
as the complex case holds. 

Theorem 4.1. Assume X is a superingular K3 surface defined over an algebraically 
closed field of characteristic p > 2. X is an Enriques K3 surface if and only if there exists 
a primitive embedding of r(2) = U{2) © Es{2) into NS{X) such that the orthogonal 
complement of r(2) in NS{X) does not contain a vector of self intersection —2. 



This theorem depend only on the lattice structure of the Neron-Severi group. The 
Neron-Severi lattice of a supersingular K3 surface is determined only by the character- 
istic of the base field and the Artin invariant, (see section 2) Therefore the criterion 
to have an Enriques involution is applied to the family of supersingular K3 surfaces of 
the same Artin invariant. 

Over an odd characteristic, a supersingular K3 surface of Artin invariant 1 is the 
Kummer sufrace associated to the product of two supersingular elliptic curves. Hence 
it has an Enriques involution. Using the above theorem, we prove over almost all 
characteristic, a supersingular K3 surface has an Enriques involution if and only if the 
Artin invariant is less than 6. 

Corollary 4.7. Let k be an algebraically closed field of characteristic p = 19 or p > 23 
and X be a supersingular K3 surface over k. X is an Enriques K3 surface if and only 
if the Artin invariant of X is less than 6. 
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2 F-Crystals of K3 surfaces 

In this section, we review some properties of crystalline cohomologies of K3 surfaces 
and the crystalline Torelli theorem of supersingular K3 surfaces. 

Let k be an algebraically closed field of characteristic p > 2, W = W{k) be the ring 
of Witt vectors of k and K be the fraction field of W. Assume X is a K3 surface defined 
over k. X does not have a non- vanishing 1-form ([21], [15]), so the Hodge diagram of 
X is 

1 1 

20 

1 1. 

Hence the Hodge-Derham spectral sequence of X/k degenerates at Ei and 

HiiX/k) = HiiX/k) = 0. 

Considering the crystalline universal coefficient theorem ([3|, 7.26) 

^ Hl,,{X/W) ®w k ^ Hii,{X/k) ^ Torl^iHi+^^{X/W), k) ^ 0, 

Hlris{X/W) = H%^^{X/W) = and Hl^^{X/W) is a free VF-module of rank 22. 
Hl^-g{X/W) is equipped with a canonical Frobenius linear endomorphism induced by 
the absolute Frobenius morphism of X . We denote this morphism by 

F : Hl,,{X/W) ^ Hl„^{X/W). 
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The rational crystalline cohomology Hl^-^{X / K) = Hl,^.-g{X/W)i^wK with the induced 
Probenius linear morphism F : Hl^-g{X/K) — Hl,^,-g{X/K) is an F-isocrystal over k. 
An F-isocrystal is determined by its Newton slopes up to isomorphism as follow. Let 
a : K ^ K he the Frobenius morphism on K. Put K[T] is a Frobenius commutative 
polynomial ring over K such that Ta = a{a)T for any a G K. Then we have a 
non-canonical isomorphism 

Hl,,{X/K)c^^K[T]/{T^^-f^) 
j 

of F-isocrystal. Here rj is a positive integer and Sj is a non-negative integer. In the 
given isomorphism, F corresponds to the multiplication by T. The Newton slopes of 
Hl,^-g{X / K) are the rational number Sj/rj with multiplicity rj. A refined information 
of Newton slopes of the crystalline cohomology can be obtained using the Derham-Witt 
complex 

^ wox wn]^ wnj^ o. 

We recall some properties of the Derham-Witt complex from [H] . The crystalline coho- 
mology is realized as the hyper-cohomology of the Derham-Witt complex. The naive 
filtration of the Derham-Witt complex give raise to the slope spectral sequence 

H\X,WQ{)^Hl:^^{X/W). 

Here the sheaf cohomology W{X, is not a finitely generated VF- module in gen- 

eral, but the rank of its free part is finite and the spectral sequence 

degenerates at Ei level. The sheaf PV^fi'^ has two operators F and V which are Frobe- 
nius VF-linear and inverse-Frobenius Vl^-linear respectively satisfying FV = VF = p. 
Hence H^{X, WQ-'j^)'^]yK with the induced operator F is an F-isocrystal. Here FV = p 
and V is topologically nilpotent, so the Newton slopes of {H^{X,WO,-'j^), F) are con- 
tained in [0, 1). 

Proposition 2.1 ([H], p. 616). The Newton slopes of {H^{X, WQ^^),pjF) are the [j,j + 
1) part of the Newton slopes of H'J'iiX/K). 

By the Poincare duality, the Newton slopes of H'^^-g{X / K) are symmetric. In other 
words, for H'^^.^^^X / K) , the multiplicity of the slope a (0 < a < 2)) is equal to the 
multiplicity of the slope 2 — a. Since dmiK Hl^^g{X / K) = 22 is fixed, the Newton 
slopes of H'^{X/K) are determined by the Newton slopes of H'^{X, WOx) (^w K. On 
the other hand, H'^{X, WOx) is the Dieudonne module of the formal Brauer group of 
X, Brx- ([2]) Since H^^X, Ox) = and dim/, H'^{X, Ox) = 1, Brx is a 1-dimensional 
smooth formal group and the Dieudonne module of Brx is 

H^{X, WOx) = W[F, V]/{FV = p,F = V'"'^), h>l or 
H^iX,WOx) = k[[V]],F = 0. 
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In the first case, we say the height of X is /i and in the second case, we say the height 
of X is c«. If the height is h < oo, H^{X,WOx) is a free W^- module of rank h 
and the ah the Newton slopes are 1 — 1/h. In this case 1 — is the only slope of 
H^^-g{X/K) less than 1 and the multiplicity of 1 — is /i. Also the only Newton 
slope greater than 1 is 1 + 1/h with multiplicity h. If /i = 1, we say X is ordinary. If X 
is ordinary, the Newton polygon and the Hodge polygon of X coincide. If the height is 
oo, H^{X, WOx) ®wK = Q and ah the slopes of Hl^^^^X/K) are 1. 
Now consider the Kummer sequence on the flat topology of X, 

— ;> ^Xpn^x — ^ Gm,X Gjm,X " ^ 0. 

From the associated long exact sequence, we obtain the short exact sequence 

^ NS{X) Z/p"Z ^ H'^{X, Hpn^x) Br{X)[p"] 0. 

Since all the terms of the above sequence are of finite length, they satisfy the Mittag- 
Leffler condition and after the inverse limit of the sequence, we obtain an exact sequence 

^ NS{X) ^Zp ^ H'^{X,Zp{l)) ^Tp{Br{X)) ^0. 

Since NS{X) (g) Zp H"^ {X ,'Lp{l)) , the Picard number of X is equal to or less than 
the rank of the free part of Zp(l)). By the way, there exists an exact sequence 

^ H'^{x,'Lp{i)) H\x,wn]^) H^{x,wn\) ^ 0. [IS] 

Since H^{X,Wi}\) (^w K is the slope [l,2)-part of F-isocrystal Hl^^^{X/K) and on 
H^{X, WVl\) ®v/ K,F = pF, from the above we obtain 

^ H\X, Zp(l)) ^Qp^ Hl,,{X/K) Hl,,{X/K) ^ 0. 

The kernel of the right map is Qp-space whose dimension is the multiplicity of slope 1 of 
^cris i-^l ^) ■ Therefore the Picard number of X is equal to or less than the multiplicity 
of slope 1 of H'^^-g{X/K). Since the Picard number of X is positive, the multiplicity of 
slope 1 of H^^-^{X/K) should be positive. If the height of X is /i < oo, the multiplicity 
of slope 1 is 22 — 2/i > 0, so /i < 10. The Newton polygon and the Hodge polygon of a 
K3 surface X are following. 





y 


y 




1 h 22-h 21 


1 21 




height h 


height infinite 







Note that here the Newton polygon lies above the Hodge Polygon. ([4J, 8.39) 
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When the height of X is oo, we say X is Artin-supersingular. If the Picard number 
of X is maximal, 22, we say X is supersingular. By the above argument, if X is super- 
singular, X is Artin-supersingular. It is conjectured that every Artin-supersingular K3 
surface X is supersingular. If the base field A; is a finite field this conjecture is equiv- 
alent to the Tate conjecture for Artin-supersingular K3 surfaces. The Tate conjecture 
holds for a K3 surface if the characteristic of the base field is p > 5. (|16).p!7]. [5]) It 
follows that if the base field is of characteristic p > 5, an Artin-supersingular K3 surface 
is supersingular by a deformation argument, (cf. [1]) It is also known that an Artin 
supersingular K3 surface equipped with an elliptic fibration is supersingular. ([3]) If 
the Picard number of a K3 surface X is grater than 4, the Neron-Severi lattice NS{X) 
has an isotropic vector, so it has an elliptic fibration. Hence an Artin-supersingular K3 
surface with a Picard number greater than 4 is supersingular. 

When X is a supersingular K3 surface, NS{X) is a lattice of rank 22 and the inclusion 

NS{x)(S)Zp ^ H^{x,Zp{i)) ^ h\x, wn]^) 

gives an isomorphism 

NS{X) (g)W H^{X,Wn\). {\T5], p.520) 

This isomorphism preserves the lattice structures. The signature of NS{X) is (1,21) 
and the discriminant of NS{X) is —p'^'^ with 1 < a < 10. We call this value a the 
Artin-invariant of X. It is known that the isomorphism class of the lattice NS{X) 
is determined by a. ([22j) We denote this lattice by Ap^a- It is also known that 
supersingular K3 surfaces of Artin invariant a forms (cr — l)-dimensional family and 
a supersingular K3 surface of Artin invariant 1 is unique up to isomorphism. For an 
explicit construction of Ap^o-, see [23]. 

Proposition 2.2. When X is a supersingular K3 surface over k, there exists a surjec- 
tion Hl-^^{X/W)/{NS{X) (^W)^ H^{X, Ox). 

Proof. For a projective smooth surface, the slope spectral sequence degenerates at E2 
level. Moreover the only possibly non-trivial map on Ei level of the slope spectral 
sequence is H'^{X,WOx) ^ H\X,WVt\). ([8j, p. 619) When X is a supersingular 
K3 surface H^^^^^X/K) does not have slope 2, so H^{X,Wn'j^) = 0. It follows that 
F^H^^-^{X/W) = NS{X)i^W, here F' means the filtration given by the slope spectral 
sequence. Therefore 

Hli^{X/W)/{NS{X)0W) = keid: H^{X,WOx) ^ H^{X, Wn^.). 

Considering the discriminant, the length of H'^^^g{X/W)/{NS{X) W) is a. Since 
Hiis{X/W) = 0, d : H^{X,WOx) ^ H'^{X,Wn]^) is surjective and the length of 
ker d is a. Therefore 

kerd = Hli^{X/W)/{NS{X) ^W) = kilV]]/^. 

By the way, from the exact sequence 

^ WOx ^ WOx ^ Ox ^ 0, 
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we have H'^{X, Ox) = H'^{X, WOx) /V ■ Therefore there exists a canonical morphism 
Hlrs{X/W)/{NS{X) ®W)^ H^{X, Ox). □ 



If the height of a K3 surface X is h < oo, H^(X, WOx) is a finite free H^- module, so 
the slope spectral sequence of X degenerates at Ei level. ([8]) And since the Newton 
polygon of the F-crystal {H'^^.^^{X/W) ,F) touches the Hodge polygon at the two edge 
points, the F-crystal Hl^.^g{X/W) has a decomposition 

Hl„s{X/W) = E^_y^ eE,e E,^,/j,. ([9], 1.6.1) 

Here F-crystal E^_yh = {H'^{X,WOx), F) and Ei+y^ = ^om{E^_yh,W[2]). The F- 
crystal Ei has constant Newton slopes 1, and the Hodge polygon of Ei coincides with 
its Newton polygon. Hence Ei is p-times of a unit crystal. The cup product induces 
a perfect paring on H'^^^g{X /W) which is compatible with F. For this paring, Ei_i/fi 
and El_^_l/|^ are isotropic and dual to each other. Ei with the restricted pairing is a 

unimodular VF-lattice. Put T = H^{X,Zp{l)) = E^~''. T is a free Zp module of rank 
22 — 2/i. T with the induced paring is a Zp-unimodular lattice. A Zp-unimodular lattice 
is determined up to isomorphism by the rank and the discriminant. The discriminant 
of T = — (^"^y (CH]) p.363) Here (7) is the Legendre symbol. We conclude that 

if the height of X is /i < 00, the F-crystal H'^^-g{X/W) with the lattice structure is 
determined by h and it has no more information. However, if X is super singular, this 
information actually determines the isomorphism class of X. 

Theorem 2.3 (|19j. Crystalline Torelli theorem). X and Y are supersingular K3 sur- 
face defined over k. Let : Hl^^^g{X/W) — )• H'^j.^giY /W) be an isomorphism compati- 
ble with the Frobenius morphism and the cup product. Then X and Y are isomorphic. 

For a supersingular K3 surface X, the Zp-lattice NS{X) Zp has a decomposition 

NS{X)®Zp = Eq®Ei. 

Here Ei is a unimodular Zp-lattice of rank 22 — 2(7 and Eq is the p times of a unimodular 
Zp-lattice of rank 2a. Recall that HIj.^^{X/W) (g) A; ~ Hj^{X/k). Composing with 
NS{X) ^ Hl-^{X/W), we have the induced morphism A : NS{X) k ^ Hj^{X/k). 
We call Kx = ker A C NS{X) k the period space of a supersingular K3 surface X. 
Kx is a cr-dimensional isotropic subspace of Eq ® k. Now we state another form of 
crystalline Torelli theorem which we will use later in this paper. 

Theorem 2.4 ([19j, p. 371). X and Y are supersingular K3 surfaces defined over k. 
^ : NS{X) NS{Y) is an isometry. If ^ takes the ample cone of NS{X) ® M into 
the ample cone of NS{Y) (8)M and Kx onto Ky, then <I> is induced by an isomorphism 
ip:Y X 

3 Lattices 

In this section, we recall some facts on lattices. 
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We denote an even unimodular Z-lattice of rank 2 with signature (1,1) 




by U. We denote the Cartan matrix of the root system Eg by Eg again. Eg is a 
negative definite even unimodular Z-lattice of rank 8. An even unimodular lattice of 
signature (s, t) exists if and only if s — t = (mod 8) and it is a direct sum of finite 
number of U and ztE'g. In particular, it is unique up to isomorphism. When Y is an 
Enriques surface over an algebraically closed field k, the numerical lattice of y is a 
unimodular even lattice of signature (1,9). (^, p. 117) It is isomorphic to C/ © £"8. We 
denote this lattice by T and call the Enriques lattice. If X is a K3 surface defined over 
C, the singular cohomology H'^{Y,'Z) is a free abelian group of rank 22 equipped with 
an even unimodular lattice structure of signature (3, 19). Hence the lattice H'^{X,7j) 
is isomorphic to U®^ © ^f^- We denote this lattice by A and call the K3 lattice. 

Let L be an even Z-lattice and L* = Hom(L,Z) be the dual of L. There is a natural 
embedding L ^ L* and the cokernel is a finite abelian group. We call this finite group 
the discriminant group of L and denote by 1{L). The order of 1{L) is the absolute 
value of d{L), the discriminant of L. The discriminant group 1{L) is equipped with a 
non-degenerated bilinear form : x,y ix,y) + Z with values in Q/Z and with the 
associated quadratic form qi : x ^ {x, x) + 2Z with values in Q/2Z. 

Let M L be an inclusion of Z— lattices of same rank. We say L is an over lattice of 
M. Then there is a chain of embeddings of lattices of same rank M G L G L* C M* . 
We denote S{L) = L/M C 1{M). Then ^(-L) is an isotropic subgroup of 1{M) and 
S{L)^ = L*/M by definition. 

Proposition 3.1 ([Ej, p. 110). The correspondence L i— S{L) gives a bijection be- 
tween the over lattices of M and the isotropic subgroups of 1{M). 

We assume M ^ L is a primitive embedding of even lattices and n = rankL, 
r = rankM. (r < n) M-^ is the orthogonal complement of M in L. M"*" is also a 
primitive sublattice of L and rankM-*- = n — r. L is an over lattice of M©M-L. 

Proposition 3.2 (|Tg, p. 111). For S{L) C 1{M®M^) = l{M)®l{M^), the projection 
S{L) — )• L{M) and S{L) — >■ 1{M^) are injective. Let and 52 be the image of S{L) 
by the above two projections and 7 : Si — >• 52 be the isomorphism compatible with the 
projections. Let (/> : M — )• M and ip : M-*- — )• M-*- be isometries. (/> © extends to an 
isometry of L if and only if : 1{M) 1{M) and -0 : 1{M^) 1{M^) preserves 5i 
and 52 respectively and ^ o (j) = tp o j. 

Proposition 3.3 ([25j, p. 915). Let M M> L be a primitive embedding of even lattices. 
If d{M) and d{L) are relatively prime, then 

(/(M^), Qm^) = {l{M),qM) © {l{L),qL). 

Moreover |5(L)| = |/(M)| and the projection S{L) — t- 1{M) is bijective. 
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Now we recall Shimada's result on a comparison of a primitive embedding of an even 
lattice into A and Kp^„. Let us consider a condition for Z- lattices L and M, 



Emb(M, L) : there exists a primitive embedding of M into L. 

Suppose d is an integer, p is a prime number which does not divide 2d and a is an 
positive integer less than 11. We consider the following condition 



Arth(p, o", d) 



Here (7) means the Legendre symbol. 



{-iY^'d ^_ ^ 
p 



Proposition 3.4 ([23], p. 396). Assume M is an even lattice of rank r and of signature 
(e+,e_) such that e+ < 1, e_ < 19. d = d{M) is the discriminant of M and p is a 
prime number which does not divide 2d. 

(1) If r > 22 - 2cr, Emb(M, Ap,,^) does not hold. 

(2) If r < 22 - 2cr, Emb(M, Ap,^) is equivalent to Emb(M, A). 

(3) lir = 22- 2cr, Emb(M, Ap,^) is equivalent to Emb(M, A) and Arth(p, ex, d). 

Let k be an algebraically closed field of characteristicT^ 2, y be an Enriques surface 
over k and f : X ^ Y he the K3 covering of Y . The pull back /* gives a primitive 
embedding r(2) ^ NS{X). ([T3], p. 206) In particular the Picard number oiX, p{X) > 
10. 

Proposition 3.5. Assume the characteristic of k is p > 2. If X is of finite height, 
the height h{X) < 6. If the height of X is infinite, X is supersingular and the Artin 
invariant of X, cr{X) < 5. 

Proof. Recall that the Picard number of a smooth algebraic surface is equal to or less 
than the dimension of the slope 1 part of H'^^^^^X/ K). When X is of finite height h, the 
dimension of the slope 1 part of H^^^g{X / K) = 22 — 2h, so h < 6. Assume the height of 
X is infinite. Since the Picard number of X is greater than 4, X has an elliptic fibraiton, 
so X is supersingular. Let a be the Artin invariant of X. Since the discriminant of 



r(2) is -21", by proposition 3.4 (1), a < 6. When a = 6, {-lfd{T{2)) = 2^" is a 



perfect square, so Arth(p, a, d(r(2))) fails. By proposition 3.4 (3), there is no primitive 



embedding of F into Ap^. □ 

Remark 3.6. The above proposition states that for an Enriques K3 surface, there 
are 11 possibilities of the Frobenius invariants. Let us consider the moduli space of 
Enriques surfaces (local or global) which is 10 dimensional and the K3 cover of the 
universal family. Since generally in a family of K3 surfaces, the one step degeneration 
of Frobenius invariants is of codimension 1, it is reasonable to expect that all the 
possible Frobenius invariants, in the above proposition, actually occur for an Enriques 
K3 surface. 
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4 Enriques involution of a supersingular K3 surface 



Let k be an algebraically closed field of characteristic p > 2. 

Theorem 4.1. Assume X is a superingular K3 surface defined over k. X is an Enriques 
K3 surface if and only if there exists a primitive embedding of r(2) = U{2) © Es(2) 
into NS{X) such that the orthogonal complement of r(2) in NS{X) does not contain 
a vector of self intersection —2. 

Proof. Assume X is the K3 cover of an Enriques surface Y and f : X ^ Y is the 
covering map. Let i : X ^ X he the associated involution. N = f*NS{Y) ~ r(2) is a 
primitive sublattice of NS{X). Let M be the orthogonal complement of in NS{X). 
M is negative definite. A'^ and M are the eigenspace of i* in NS{X) for eigenvalues 1 
and -1 respectively. Assume there is a vector v G M such that {v,v) = —2. Then by 
the Riemann-Roch theorem, either of v or — is effective. Suppose v is effective and 
—V is not. But i*{v) = —v and it contradicts. Therefore M does not contain a vector 
of self intersection -2. 

Conversely we assume there exists a primitive embedding A^ ~ r(2) ^ NS{X) 
and the orthogonal complement of A^ in NS{X), M does not contain a vector of self 
intersection -2. Let ij) = id® -id : N ®M N ®M. 

Lemma 4.2. -0 extends to NS{X). 

Proof. Let S = NS{X)/{N®M) and Si and 52 be the image of S in 1{N) and 1{M) by 
the projections. 7 : 5i — )■ 52 is the isomorphism compatible with the projections, a is 
the Artin invariant of X, d{N S{X)) = —p^"^ and d{N) = —2^''. Hence by Proposition 



1{M) = 1{N) © /(A^5(A)) = (Z/2)io © {'L/pf" and 5 ~ (Z/2)io 



id and —id preserve 5i and 52 respectively and 7 o id = —id o 7, so by proposition 3.2 



lij extends to NS{X). □ 

We denote the extension of ip to NS{X) by ifj again. V = NS{X) © M and 

P = {xe V\{x,x) > 0} 

is the positive cone of X. A = {v £ NS{X)\{v,v) = —2}, the set of roots of X. 
For any v £ A, we denote the reflection with respect to u by Si, : u 1— )• u + (n, v)v. 
Let us denote the subgroup of the orthogonal group of NS{X) generated by all the 
refections Sy, {v G A) and —id by Wx- We set Pi = {v € P\{v,w) 7^ 0, Ww G A}. It is 
known that the Wx acts simply transitively on the set of connected components of Pi . 
Moreover we can prove that the connected component which contains an ample divisor 
is the ample cone of X. ([19). |13j ) In other words, v G NS{X) represents an ample 
divisor if and only if {v, v) > and {v, w) > for all w £ A. Equivalently, if {v, v) > 
and {v, w) for any w £ A, there exists a unique element 7 in Wx such that 7(f) 
represents an ample divisor. 
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Lemma 4.3. There exists 7 G Wx such that jotl^oj ^ is induced by an automorphism 
oiX 

Proof. Since the signature of N is (1, 9) and M n A = 0, there exists v G N Pi such 
that {v, v) > 0. By the above argument there exists 7 G Wx such that 7(f) is an ample 
class. We may assume itself contains an ample class. Because ^ fixes an ample class, 
it preserves the ample cone. By the crystalline Torelli theorem, it is enough to show 
that preserves the period space of X, 

Kx = ker(7V5(X) C$ k ^ Hl^i^{X/W) 0k = H^iX/k)). 

Since d{N) = -2^^, N W is unimodular in Hl^^{X/W), so Hl-^{X/W) has a 
decomposition 

Hli^{X/W) = {N0W)(B M', 
where M' is a unimodular ly-overlattice of M (8) W. We have 

Kx = ker(M 0k ^ hI,,{X/W) k). 

Therefore tp induces a multiplication by —1 on Kx and Kx is preserved hy tp. □ 

We assume 7 is identity and N contains an ample class. Let g : X ^ X he the 
automorphism of X which induces ij) on NS{X). g is an involution since so is 'ip. Now 
we show g has no fixed point. We will follow the argument in |13j . By the above 
decomposition Hl^^^{X/W) = {N ®W)® M\ we obtain 

M'/{M ®W)^ Hli^{X/W)/{NS{X) W). 

Hence g induces -1 on H^^-^{X/W)/{NS{X)0W) and -1 on H^{X, Ox) by proposition 



2.2, The Serre duality implies g induces —1 on H^[X, ^x/k) ^x/k- Assume 

X G X is a fixed point of g. Because g acts on ^x^j^ by -1, there exists an etale 
neighborhood of x. Spec A;[ti, ^2] such that g*{ti) = ti, g*{t2) = — 12- Therefore the 
fixed locus of g( is a divisor of X and Y = Xj g is a smooth surface. Let / : X ^ y be 
the projection. Since N = E{2) (B Es{2) does not contain a vector with self intersection 
—2, y is a minimal surface. Let D be the fixed locus of g and C = f{D). C is the 
ramification locus of /. It follows that f*{KY + C) = Kx = and —Ky is effective, 
so y is a rational surface. However H%{Y,Qi) = Hj^{X,Qi)9 = N Qi is of 10 
dimensional. It contradicts since dim i?|^(y,Q;) is 2 or 3. Therefore g does not have a 
fixed point. X is an etale double cover of Y, so Y is an Enriques surface and X has an 
Enriques involution. □ 



Remark 4.4. Theorem 4.1 is only concerned with the lattice structure of NS{X). The 
Neron-Severi lattice of a supersingular K3 surface is determined by the characteristic 
of the base field and the Artin invariant. Assume k and k' be algebraically closed fields 
of same characteristic p > 2, if one supersingular K3-surface of Artin invariant a over 
k has an Enriques involution, every supersingular K3-surface of Artin invariant a over 
k' has an Enriques involution. 
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k is an algebraically closed filed of characteristic p > 2. Since the unique supersingular 
K3 surface of Artin invariant 1 over k is the Kummer surface of the product of two 
supersingular elliptic curves, it has an Enriques involution, (cf. [l^, p.383) In the 
following we prove a supersingular K3 surface has an Enriques involution if and only 
if the Artin invariant is less than 6 over almost all characteristics. 

Theorem 4.5. Let k be an algebraically closed field of characteristic p and X be a 
supersingular K3 surface of Artin invariant a. 

(1) Ifp=llorp>19 and (t= 3 or 5, X has an Enriques involution 

(2) If p > 13, p 7^ 23 and (t=2 or 4, X has an Enriques involution. 

Proof. For any primitive embedding r(2) A, the orthogonal complement is isomor- 
phic to [/ e U{2) ® Es{2). ([7], p. 81) Let x, y be a standard basis of U{2) such that 
the matrix corresponding to the basis is 

2 
2 

We also fix a basis of i?8(2), ei, • • • , eg for which the corresponding matrix of the lattice 
is 



/ 


-4 


2 

















\ 


2 


-4 


2 






















2 


-4 


2 


2 



















2 


-4 






















2 





-4 


2 






















2 


-4 


2 






















2 


-4 


2 


V 




















2 


-4 / 



For a positive integer d, we put 



M24 = 


/ Ad 





V 


-4 


/Ad 







-4 











-4 





V 


- 


-4 J 



N. 



5,d 



-Ad 





and A^4 , 



V 



-Ad 







-4 








-4 







-A j 



We denote a basis of M2_rf and N^^d for the given matrix presentation by fi, £2- We also 
denote a basis of Ma^^ and ^4^^ for the given matrix presentation by fi,f2,f3,f4- We 
give a primitive embedding of each lattice into C/(2) © Es{2) as follow. 

1/ : M2,d ^ U{2) © ^8(2), v[h) = X + dy, u{h) 



V : iV5,d C/(2) © ^8(2), z^(fi) = X - dy, ^/(fa) 
M3,d t/(2) © ^8(2), i^(fi) = X + dy, v{i^) = ei, i/(f3) 



ei 
ei 

■ 63, l^(f4) 
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V : Ni^d U{2) e ^8(2), = X - dy, i/(f2) = ei, u{h) = eg, u{U) = ee 



We denote the orthogonal complements of M2^d and M^^d-, and N^^d in U (2) ©£^8 (2) 
by ^2,d, -^3,cZ) M^^d and Mr^^d respectively. For each a and d, N^^d is negative definite 
of rank 12 — 2a and has no vector of self intersection -2. We can check that in each 
case, the discriminant group of N^y^d is 

l{N2,d) = (Z/4d) © (Z/4) © (Z/2)6, 
l{N3^d) = (Z/4d)©(Z/4)3©(Z/2)2, 
/(A^4,d) = (Z/4d) © (Z/4)3 or 
l{N5^d) = (Z/4d)©(Z/4). 

L?" ©Ma-,rf is an even lattice of signature (2, 2a — 2). Hence an embedding U (BM^j^d ^ A. 
is unique up to isometry and there exist a K3 surface X^^^d over C such that the 
transcendental lattice of X^^d-, T^X^j^d) is isomorphic to ?7 © M^^. ([H], p. 112) In 
this case, the Neron-Severi group of Xfj^d is an over lattice of N^^d © r(2)- For the 
discriminant of the transcendental lattice of Xf^^di we can check 

d{T{X24)) = 4^d, d{T{X^^d)) = ^% 

d{T{Xi^d)) = d{T{X5,d)) = A^'d. 

Hence we have 

d{NS{X24)) = -4^d, d{NS{X3,d)) = 
d{NS{X4,d)) = d{NS{X5,d)) = -4^f^. 

Lemma 4.6. If p = 11 or p > 19, there exists a positive integer d < p/8 such that —d 
is a non-square modulo p. If p > 13 and p / 23, there exists a positive integer d < p/8 
such that —d is a square modulo p. 

Proof. It is straightforward. □ 

From now on we assume < d < p/8 and —d is a square modulo p if o" = 2 or 4 
and —d is a non-square modulo p if a = 3 or 5. Because NS{X^^d) = — 4"^ for some 



positive integer a and the rank of NS{Xfj^d) is 22 — 2a, by proposition 3.4, there exists 
a primitive embedding 

i : NS{X^,d) Ap,.. 

Let K be the orthogonal complement of i. Put j : r(2) ^ NS{X„^d) is the given 
embedding. Let L be the orthogonal complement of 

zoj :r(2) Ap,,. 

Since the discriminant of NS{Xa-4) is coprime to the discriminant of Ap^o-j by proposi- 

l{K) = {Z/pf''(Bl{NS{X^,d)). 



tion 3.3 
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In particular, the intersection form on K is divisible by p. L is an over lattice of K®N„^d- 
Two embeddings K ^ L and N^^^ ^ L are primitive. By theorem |4.1| it is enough 
to show that L has no vector of self intersection -2. The finite group L/[K © 
is a subgroup of l{Nfj^d)- Hence for v G L, Adv G © -/V'o-,^. Put 4df = u + w where 
u £ K and w G N^j^d- Because N^-^d does not have a vector of self intersection -2, we 
may assume u 7^ 0. Since 

(n, n) = {'idv,u) = 4:d{v,u), 

4d divides {u, u). Since the intersection form on K is divisible by p, Adp divides (u, u). 
Therefore we have ^ 

{v,v) < -^^K^) < -2 

and the proof is completed. □ 

Corollary 4.7. Let k be an algebraically closed field of characteristic p = 19 or p > 23 
and X be a supersingular K3 surface over k. X is an Enriques K3 surface if and only 
if the Artin invariant of X is less than 6. 



Proof. It follows from proposition 3.5 and theorem 4.5, □ 



The following result is an analogy for the supersingular case of the main theorem of 
101. 



Corollary 4.8. Let k be an algebraically closed field of characteristic p = 19 or p > 23 
and X be a supersingular Kummer surface over k. Then X is an Enriques K3 surface. 

Proof. A supersingular K3 surface over a field of odd characteristic is a Kummer surface 
if and only if the Artin invariant is 1 or 2. □ 



Remark 4.9. In theorem 4.5, we miss only finitely many cases. We could not find an 



effective way to apply theorem 4.1 to the cases of small characteristic. However, since 



the supersingular K3 surface of Artin invariant 1 has an Enriques involution over any 



odd characteristic, considering remark 3.6, it is expected that theorem 4.5 holds over 
any odd characteristic. 
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